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Abstract
The idea of almost convergence for double sequences was introduced by Moricz and Rhoades
[Math. Proc. Cambridge Philos. Soc. 104 (1988) 283–294] and they also characterized the four
dimensional strong regular matrices. In this paper we define and characterize the almost strongly
regular matrices for double sequences and apply these matrices to establish a core theorem.
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1. Introduction
A double sequence x = (xjk) is said to be Pringsheim’s convergent (or P -convergent)
if for given  > 0 there exists an integer N such that |xjk − L| <  whenever j, k > N .
We shall write this as limj,k→∞ xjk = L, where j and k tending to infinity independent of
each other (cf. [7]).
A double sequence x is bounded if
‖x‖ = sup
j,k0
|xjk| < ∞.
Note that, in contrast to the case for single sequences, a convergent double sequence
need not be bounded. By c∞2 , we denote the space of double sequences which are bounded
convergent, and by ∞2 the space of bounded double sequences.
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for double sequences by Moricz and Rhoades [4].
A double sequence x = (xjk) of real numbers is said to be almost convergent to a limit
s if
lim
p,q→∞ supm,n0
∣∣∣∣∣ 1pq
m+p−1∑
j=m
n+q−1∑
k=n
xjk − s
∣∣∣∣∣= 0.
We shall denote by f2 the space of almost convergent double sequences.
Note that a convergent double sequence need not be almost convergent. However every
bounded convergent double sequence is almost convergent and every almost convergent
double sequence is also bounded.
Let A = (amnjk ) (j, k = 0,1, . . .) be a double infinite matrix of real numbers. For all
m,n = 0,1, . . . , forming the sums
ymn =
∞∑
j=0
∞∑
k=0
amnjk xjk
called the A-means of the sequence x = (xjk). We say that a sequence x is A-summable
to the limit t if the A-means exist for all m,n = 0,1, . . . in the sense of Pringsheim’s
convergence:
lim
p,q→∞
p∑
j=0
q∑
k=0
amnjk xjk = ymn and limm,n→∞ ymn = t .
We say that a matrix A is bounded-regular if every bounded-convergent sequence x is
A-summable to the same limit and the A-means are also bounded.
Necessary and sufficient conditions for A to be bounded-regular (cf. [8]) are
(i) lim
m,n→∞ a
mn
jk = 0 (j, k = 0,1, . . .),
(ii) lim
m,n→∞
∞∑
j=0
∞∑
k=0
amnjk = 1,
(iii) lim
m,n→∞
∞∑
j=0
∣∣amnjk ∣∣= 0 (k = 0,1, . . .),
(iv) lim
m,n→∞
∞∑
k=0
∣∣amnjk ∣∣= 0 (j = 0,1, . . .),
(v)
∞∑
j=0
∞∑
k=0
∣∣amnjk ∣∣ C < ∞ (m,n = 0,1, . . .).
The notion of strong regularity for single sequences was introduced by Lorentz [3] and
for double sequences by Moricz and Rhoades [4]. We say that a matrix A is strongly regular
if every almost convergent sequence x is A-summable to the same limit, and the A-means
are also bounded. In [4] necessary and sufficient conditions were also established for a
matrix A = (amn) to be strongly regular.jk
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double sequences, i.e., A = (amnjk ) is said to be almost regular if for every x = (xjk) ∈ c∞2 ,
Ax ∈ f2 with f2- limAx = limx .
Theorem 1.1 [5]. A matrix A = (amnjk ) is almost regular, i.e., A ∈ (c∞2 , f2)reg if and only if
(i) lim
p,q→∞α(j, k,p, q, s, t) = 0 (j, k = 0,1, . . .), uniformly in s, t = 0,1, . . . ,
(ii) lim
p,q→∞
∞∑
j=0
∞∑
k=0
α(j, k,p, q, s, t) = 1, uniformly in s, t = 0,1, . . . ,
(iii) lim
p,q→∞
∞∑
j=0
∣∣α(j, k,p, q, s, t)∣∣= 0 (k = 0,1, . . .),
uniformly in s, t = 0,1, . . . ,
(iv) lim
p,q→∞
∞∑
k=0
∣∣α(j, k,p, q, s, t)∣∣= 0 (j = 0,1, . . .),
uniformly in s, t = 0,1, . . . ,
(v)
∞∑
j=0
∞∑
k=0
∣∣amnjk ∣∣ C < ∞ (m,n = 0,1, . . .),
where
α(j, k,p, q, s, t) = 1
pq
s+p−1∑
m=s
t+q−1∑
n=t
amnjk .
In this paper, we introduce the concept of almost strongly regular matrices and find a
set of necessary and sufficient conditions for A = (amnjk ) to be almost strongly regular. We
further use these matrices to establish a core theorem.
A four dimensional matrix A = (amnjk ) is said to be almost strongly regular if for every
x = (xjk) ∈ f2, Ax ∈ f2 with f2- limAx = f2- limx , i.e., it transforms every almost con-
vergent double sequence in to almost convergent sequence with the same limit. Note that
in this case A-means are obviously bounded since Ax ∈ f2 and every almost convergent
double sequence is also bounded. Almost strongly regular matrices for single sequences
were introduced and characterized by Duran [2].
2. Almost strongly regular matrices
First we prove the following useful lemma.
Lemma 2.1. Let A = (amnjk ) be an almost regular matrix. Then there exists x = (xjk) ∈ ∞2
such that ‖x‖ 1 and
lim sup
p,q→∞
sup
s,t0
∞∑ ∞∑
α(j, k,p, q, s, t)xjkj=0 k=0
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p,q→∞
sup
s,t0
∞∑
j=0
∞∑
k=0
∣∣α(j, k,p, q, s, t)∣∣.
Proof. Let
λ = lim sup
p,q→∞
sup
s,t0
∞∑
j=0
∞∑
k=0
∣∣α(j, k,p, q, s, t)∣∣
and let for a given  > 0,
N() =
{
p,q ∈N: sup
s,t0
∞∑
j=0
∞∑
k=0
∣∣α(j, k,p, q, s, t)∣∣> λ− 
}
.
Then there exist increasing sequences of integers pr, qr ∈ N(1/r) and jr , kr such that

sups,t0
∑
jjr−1
∑∞
k=0 |α(j, k,pr, qr, s, t)| < 1/r,
sups,t0
∑
j>jr
∑∞
k=0 |α(j, k,pr, qr , s, t)| < 1/r,
sups,t0
∑∞
j=0
∑
kkr−1 |α(j, k,pr, qr , s, t)| < 1/r,
sups,t0
∑∞
j=0
∑
k>kr
|α(j, k,pr, qr , s, t)| < 1/r.
(∗)
Now define x ∈ ∞2 such that jr−1 < j < jr , kr−1 < k < kr,
xjk =
{
1 if α(j, k,pr, qr , s, t) 0,
−1 if α(j, k,pr, qr , s, t) < 0,
s, t = 1,2, . . . . Then for all pr, qr ∈ N(1/r),∑
j
∑
k
α(j, k,pr , qr, s, t)xjk
=
( ∑
jjr−1
∑
k
+
∑
jr−1<jjr
∑
k
+
∑
j>jr
∑
k
+
∑
j
∑
kkr−1
+
∑
j
∑
kr−1<kkr
+
∑
j
∑
k>kr
)
α(j, k,pr, qr , s, t)xjk

∑
jr−1<jjr
∑
k
α(j, k,pr, qr , s, t)xjk − ‖x‖
∑
jjr−1
∑
k
∣∣α(j, k,pr , qr, s, t)∣∣
− ‖x‖
∑
j>jr
∑
k
∣∣α(j, k,pr , qr, s, t)∣∣+∑
j
∑
kr−1<kkr
α(j, k,pr , qr, s, t)xjk
− ‖x‖
∑
j
∑
kkr−1
∣∣α(j, k,pr, qr , s, t)∣∣− ‖x‖∑
j
∑
k>kr
∣∣α(j, k,pr , qr, s, t)∣∣.
Hence
sup
s,t
∑∑
α(j, k,pr , qr, s, t)xjkj k
Mursaleen / J. Math. Anal. Appl. 293 (2004) 523–531 527 sup
s,t
∑
jr−1<jjr
∑
k
α(j, k,pr , qr, s, t)xjk
+ sup
s,t
∑
j
∑
kr−1<kkr
α(j, k,pr , qr, s, t)xjk − 4/r
= sup
s,t
∑
jr−1<jjr
∑
k
∣∣α(j, k,pr , qr, s, t)∣∣
+ sup
s,t
∑
j
∑
kr−1<kkr
∣∣α(j, k,pr, qr , s, t)∣∣− 4/r
= sup
s,t
(∑
j
∑
k
−
∑
jjr−1
∑
k
−
∑
j>jr
∑
k
−
∑
j
∑
kkr−1
−
∑
j
∑
k>kr
)∣∣α(j, k,pr, qr , s, t)∣∣− 4/r
 sup
s,t
∑
j
∑
k
∣∣α(j, k,pr, qr , s, t)∣∣− 8/r.
Therefore
lim sup
r
sup
s,t
∑
j
∑
k
α(j, k,pr , qr, s, t)xjk  λ.
Also for such x , it is obvious that
lim sup
r
sup
s,t
∑
j
∑
k
α(j, k,pr , qr, s, t)xjk  λ,
whence the result. 
In the following theorem we characterize the almost strongly regular matrices, i.e., A ∈
(f2, f2)reg.
Theorem 2.2. A matrix A = (amnjk ) is almost strongly regular if and only if A is almost
regular and satisfies the following two conditions:
lim
p,q→∞
∑
j
∑
k
∣∣∆10α(j, k,p, q, s, t)∣∣= 0, uniformly in s, t  0, (2.1)
lim
p,q→∞
∑
j
∑
k
∣∣∆01α(j, k,p, q, s, t)∣∣= 0, uniformly in s, t  0, (2.2)
where
∆10α(j, k,p, q, s, t) = α(j, k,p, q, s, t) − α(j + 1, k,p, q, s, t)
and
∆01α(j, k,p, q, s, t) = α(j, k,p, q, s, t) − α(j, k + 1,p, q, s, t).
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on the same lines as by Moricz and Rhoades [4], using the conditions of almost regularity
and the conditions (2.1) and (2.2), we can show that ymn → L as m,n → ∞, and (ymn)
is bounded. Since a bounded convergent double sequence is also almost convergent to the
same limit, we have Ax ∈ f2 and f2- lim Ax = L. Hence A is almost strongly regular.
Necessity. Let A ∈ (f2, f2)reg. Since (f2, f2)reg ⊂ (c∞2 , f2)reg, we have A ∈ (c∞2 , f2)reg,
i.e., A is almost regular.
To prove the necessity of (2.1), let us define x = (xjk) by
x2vr−1+2j,vr−1+k = (−1)r sgn∆10α(2vr−1 + 2j, vr−1 + k,pr , qr, s, t), s, t > 0,
x2vr−1+2j+1,vr−1+k = −x2vr−1+2j,vr−1+k
for j, k = 1,2, . . . , vr − vr−1 and r = 1,2 . . . ; otherwise xjk = 0.
Then x is bounded and almost convergent to 0; also ‖x‖ 1. Since A is almost strongly
regular, we have
f2- limAx = f2- limx = 0.
Hence by the above Lemma 2.1, we have
0 = lim sup
p,q→∞
sup
s,t0
∞∑
j=0
∞∑
k=0
∆10α(j, k,p, q, s, t)xjk
= lim sup
p,q→∞
sup
s,t0
∞∑
j=0
∞∑
k=0
∣∣∆10α(j, k,p, q, s, t)∣∣,
i.e., (2.1) holds. Similarly, we can prove the necessity of (2.2).
This completes the proof of the theorem. 
3. An application. Core theorem
The Knopp core (or K-core) of a real number single sequence x = (xk) is defined to be
closed interval [l(x),L(x)], where
l(x) = lim infx, L(x) = lim supx.
The well-known Knopp core theorem states that (cf. [1]).
In order that L(Ax)  L(x) for every bounded real sequence x , it is necessary and
sufficient that A = (ajk) should be regular and limn→∞∑∞k=0 |ank| = 1.
Patterson [6] extended this idea for double sequences by defining the Pringsheim core
(or P-core) of a real bounded double sequence x = (xjk) as the closed interval
[P- lim infx,P- lim supx].
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closed interval [−L∗(−x), L∗(x)], where L∗(x) is a sublinear functional on l∞2 defined
by
L∗(x) = lim sup
p,q→∞
sup
m,n0
1
pq
m+p−1∑
j=m
n+q−1∑
k=n
xjk.
We establish the following core theorem.
Theorem 3.1. For every real bounded double sequence x ,
L(Ax) L(x) (3.1)
(or M-core{Ax} ⊆ M-core{x}), if and only if
A = (amnjk ) is almost strongly regular (3.2)
and
lim sup
p,q→∞
∞,∞∑
j,k=0,0
∣∣α(j, k,p, q, s, t)∣∣= 1, uniformly in s, t = 1,2, . . . . (3.3)
Proof. Necessity. Let us consider a real bounded double sequence x to be almost conver-
gent to some real number λ. Then by (3.1) we get
λ = −L(−x)−L(−Ax) L(Ax) L(x) = λ.
Hence Ax is almost convergent and f2- limAx = f2- limx = λ, and so A is almost strongly
regular.
Now by Lemma 2.1, there exists x ∈ l∞2 such that ‖x‖ 1 and
L(Ax) = lim sup
p,q→∞
sup
s,t0
∞,∞∑
j,k=0,0
∣∣α(j, k,p, q, s, t)∣∣.
Hence if we define x = (xjk) by
xjk =
{
1 if j = k,
0 otherwise,
then
1 = l(Ax) = lim inf
p,q→∞ sups,t0
∞,∞∑
j,k=0,0
∣∣α(j, k,p, q, s, t)∣∣
 L(Ax)L(x) ‖x‖ 1,
and hence (3.3) is satisfied, where
l(x) = lim inf
p,q→∞ supm,n0
1
pq
m+p−1∑ n+q−1∑
xjk.j=m k=n
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1
pq
m+p−1∑
j=m
n+q−1∑
k=n
xjk < L
(x) + . (3.4)
For M,N > 1, we obtain the following:
∞∑
j=0
∞∑
k=0
1
pq
s+p−1∑
m=s
t+q−1∑
n=t
amnjk xjk
=
∞∑
j=0
∞∑
k=0
( |α(j, k,p, q, s, t)| + α(j, k,p, q, s, t)
2
− |α(j, k,p, q, s, t)| − α(j, k,p, q, s, t)
2
)
xjk

∞∑
j=0
∞∑
k=0
∣∣α(j, k,p, q, s, t)∣∣xjk
+
∞∑
j=0
∞∑
k=0
(∣∣α(j, k,p, q, s, t)∣∣− α(j, k,p, q, s, t))xjk
 ‖x‖
M∑
j=0
N∑
k=0
∣∣α(j, k,p, q, s, t)∣∣+ ‖x‖ ∞∑
j=M+1
N∑
k=0
∣∣α(j, k,p, q, s, t)∣∣
+ ‖x‖
M∑
j=0
∞∑
k=N+1
∣∣α(j, k,p, q, s, t)∣∣+ ∞∑
j=M+1
∞∑
k=N+1
∣∣α(j, k,p, q, s, t)∣∣xjk
+ ‖x‖
∞∑
j=0
∞∑
k=0
(∣∣α(j, k,p, q, s, t)∣∣− α(j, k,p, q, s, t)).
Using the conditions of almost regularity (since A is almost strongly regular) and the con-
dition (3.3), we get
L(Ax) lim sup
p,q→∞
sup
s,t0
∞∑
j=M+1
∞∑
k=N+1
∣∣α(j, k,p, q, s, t)∣∣xjk. (3.5)
Now
∞∑
j=M+1
∞∑
k=N+1
∣∣α(j, k,p, q, s, t)∣∣xjk
=
∞∑
j=M+1
∞∑
k=N+1
(∣∣α(j, k,p, q, s, t)∣∣− α(j − M − 1, k − N − 1,p, q, s, t))xjk
+
∞∑ ∞∑
α(j − M − 1, k − N − 1,p, q, s, t)xjkj=M+1 k=N+1
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j=0
∞∑
k=0
α(j, k,p, q, s, t) by (3.4), (3.6)
where
Σ ′ =
∞∑
j=M+1
∞∑
k=N+1
(∣∣α(j, k,p, q, s, t)∣∣− α(j − M − 1, k − N − 1,p, q, s, t))xjk
 ‖x‖
M+1∑
i=1
N+1∑
r=1
(
(M − i + 1)
∞∑
j=0
∞∑
k=0
∣∣∆10α(j, k,p, q, s, t)∣∣
+ (N − r + 1)
∞∑
j=0
∞∑
k=0
∣∣∆01α(j, k,p, q, s, t)∣∣
)
. (3.7)
By (3.5)–(3.7) and using the conditions of almost strong regularity, we get L(Ax) 
L(x), since  is arbitrary.
This completes the proof of the theorem. 
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